First-order non-adiabatic coupling matrix elements (NACMEs) are key for phenomena such as non-radiative transitions and excited state decay, yet a consistent and practical first principles treatment has been elusive for molecules with more than a few heavy atoms. Here we present theory, implementation using Gaussian basis sets, and benchmarks of first-order NACMEs between ground and excited states in the framework of time-dependent hybrid density functional theory (TDDFT).
I. INTRODUCTION
Non-adiabatic effects arise from couplings of molecular Born-Oppenheimer potential energy surfaces due to finite kinetic energy of the nuclei. Important examples of non-adiabatic effects include radiationless decay of electronically excited states by internal conversion or through conical intersections, predissociation, and excitation energy transfer [1] [2] [3] . The key quantities for these processes are the first-order non-adiabatic coupling matrix elements (NACMEs)
between Born-Oppenheimer states |Ψ m and |Ψ n , where ξ denotes a Cartesian 4 nuclear coordinate. In Tully's semi-classical surface hopping approach to excited state non-adiabatic dynamics 5, 6 , the hopping probability between |Ψ m and |Ψ n is determined from the scalar product of τ mn and the nuclear velocity vector. Other, more advanced methods such as multiple spawning 7, 8 use first-order NACMEs as key input; the same holds for conical intersection optimization methods 9 .
Accurate and efficient computation of NACMEs from first principles has been a longstanding challenge for electronic structure theory. The 1960s and 1970s witnessed the first heroic attempts to compute NACMEs for diatomic molecules, e.g. by Ko los and A viable alternative to state-specific approaches are time-dependent response methods.
In time-dependent response theory, excited state properties such as excitation energies or transition moments are extracted from the time-evolution of observables. Excited state wavefunctions are never computed explicitly, since all information is contained in the time-evolution of the reference state, which reduces to the ground state in the absence of a perturbation. Apart from its formal appeal, time-dependent response theory provides a systematic route to excited state properties with a computational complexity similar to that of ground-state property calculations. Thus, time-dependent response methods have significantly expanded the scope of excited-state treatments in the past two decades. Examples include time-dependent Hartree-Fock (TDHF) and adiabatic time-dependent density functional theory [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] (TDDFT), multi-configuration self consistent field 31 (MCSCF), and coupled cluster response theory [32] [33] [34] [35] [36] [37] [38] [39] [40] .
In this work, we show that first-order NACMEs between the ground and an excited state may be extracted from the first order time-dependent response of the reference state (Sec. 
whereV ne denotes the electron-nucleus attraction operator, E m , E n are the energy eigenvalues of |Ψ m , |Ψ n . Atomic units are used throughout this work. Chernyak and Mukamel recognized that, if m is the ground state, Eq. (2) expresses the first-order NACME as a simple functional of the electron-nucleus attraction potential, the excitation energy, and the transition density. Since TDDFT response theory yields the physical excitation energies and transition densities by construction 44 , this establishes a route to first-order NACMEs in the TDDFT framework that should yield exact couplings as the time-dependent exchange-correlation potential becomes exact. To derive an expression for the first-order NACMEs from time-dependent response theory, we consider the time-evolution of the purely imaginary matrix element
under the influence of a monochromatic one-particle perturbation
multiplied by a real coupling constant λ. We use the bar symbol to distinguish frequencydomain quantities from their time-domain counterparts throughout this paper. The actual form ofŴ does not matter, but the perturbations may be imagined to result, e.g., from
an electromagnetic field oscillating at frequency ω. |Ψ λ (t) is the reference state in the Schrödinger picture, and reduces to
in the absence of the perturbation, where |Ψ 0 is the time-dependent ground state with
has an asymptotic expansion in powers of λ,
The zero order part,
is independent of the perturbation and results from the trivial time-dependent phase factor in Eq. (5). Since C ξ (1) (t) is linear in the perturbation, it has two Fourier components,
Straightforward first order time-dependent perturbation theory 53 yields the sum-over-states
where |Ψ n is an exact excited state of the static Hamiltonian with excitation energy Ω n = E n − E 0 . Thus, if the time-evolution of C ξ (1) is known, the first-order NACMEs may be extracted from the residues ofC ξ (1) at excitation energies Ω n ,
This approach does not require explicit knowledge of the excited wavefunction since C ξ (1) is accessible by time-dependent ground state response theory. First-order couplings between two excited states may be extracted from the non-linear response of C ξ λ (t).
B. Time-dependent density functional theory
We will now apply the above method to the TDKS determinant |Φ λ (t) as reference.
(The TDKS system is fictitious, but the resulting first-order NACMEs τ ξ KS 0n
will be related to the physical τ ξ 0n in Sec. II D below.) Since |Φ λ (t) is a determinant,
The TDKS orbitals |ψ λj (t) satisfy the TDKS equations
with the TDKS hybrid one-particle Hamiltonian
t denotes the electronic kinetic energy operator,v en the electron-nucleus potential,v H the Hartree potential, andŵ(t) is the one-particle equivalent of the perturbationŴ defined in Eq. (4);v XC is the exchange-correlation potential, which is assumed to depend on the instantaneous density within the adiabatic approximation (AA) of TDDFT 22 ,
E XC denotes the static XC energy functional, and x = (r, σ) is a set of spin-space coordinates.
As usual, indices i, j, ..., are used for occupied, a, b, ..., for virtual, and p, q, ..., for general molecular orbitals (MOs).
We include hybrid TDDFT in the present formalism by adding the non-local HF exchange
multiplied by a hybrid mixing coefficient c x 54 . The Hartree, exchange and correlation potentials depend on the TDKS density matrix
and the time-dependent density
The TDKS orbitals may be expanded in orders of λ 55 ,
where |ψ λj (t) reduces to the jth static spin-unrestricted ground state KS orbital |φ j with energy ǫ j in the absence of the perturbation. The first-order orbitals |ψ (1) i (t) may be represented in the basis of virtual static KS MOs as
where the coefficient vectors |X, Y satisfy the TDKS response equations first derived by
The superoperators Λ and ∆ are
where (A ± B) denote the so-called electric and magnetic orbital rotation Hessians,
(pqσ|rsσ ′ ) is a two-electron repulsion integral in Mulliken notation, and f XC pqσrsσ ′ represents a matrix element of the exchange correlation kernel which is frequency-independent in the AA. The right-hand side of Eq. (20) contains the perturbation:
The first order of C ξ KS λ (t) becomes
where Eq. (19) implies that the Fourier components arē
Using Eq. (20) along with the spectral representation
the residue at an excitation energy Ω n is
Since X n , Y n |P, Q is equivalent to Ψ 0 |ŵ(ω)|Ψ n in the interacting case, the first-order non-adiabatic coupling between the ground state and the n-th excited state is identified as
C. Evaluation of the first-order couplings
We evaluate Eq. (28) by expanding the KS MOs φ p in a basis of atom-centered contracted Gaussians χ µ (r) with expansion coefficients C µpσ . The derivative molecular orbital coefficients C ξ µiσ have the well-established expansion
where S is the overlap matrix, and the U ξ are solutions of the coupled perturbed KS-
with the right-hand side 
S occ stands for the occupied-occupied block of the overlap matrix. The superscript (ξ)
indicates that derivatives are taken at fixed MO coefficients. Defining the antisymmetric matrix
and using Equations (29) to express MO derivatives, the first-order NACMEs (28) become
If Eq. (34) is used to evaluate the τ ξ KS 0n , the CPKS equations (30) have to be solved for all nuclear displacements, leading to an overall computational cost in the order of a groundstate analytical second derivative calculation 61 . Fortunately, solution of the CPKS equations turns out to be unnecessary: Eq. (20) implies that
where (A + B) is independent of the excitation energy in the AA and therefore identical to the static electric orbital rotation Hessians occurring in the CPKS equations (30) . Thus, the first-order MO derivatives may be eliminated from Eq. (34) in the spirit of the SternheimerDalgarno interchange theorem 62, 63 , yielding the much simplified result
We further transform Eq. (36) by defining the analog of the relaxed one-particle density matrix in analytical gradient theory,
and the analog of the energy-weighted one-particle density matrix,
Transforming to the atomic orbital basis, τ ξ KS 0n
may be re-cast in a form closely resembling the ground-state energy gradient 64 ,
where D is the ground-state KS density matrix and
replaces the relaxed two-particle density matrix. 
D. Connection to the Physical System
In the limit of a complete basis set, all terms containing derivatives of basis functions cancel (since a complete basis does not depend on the position of the nuclei). The only remaining term,
is denoted Hellmann-Feynman term in analogy to the Hellmann-Feynman expression for the ground state energy gradient 51 . Because
is the basis-set expansion of the transition density 25 ,
which is identical to the exact expression for first-order NACMEs 
E. Resolution of the identity approximation
The resolution of the identity (RI-J) approximation [66] [67] [68] [69] , for the Coulomb energy is a widely used method to accelerate molecular electronic property calculations. In RI-J methods, the total density ρ(r) is approximated by an expansion in a set of atom-centered auxiliary Gaussian basis functions χ P (r),
The coefficients c P are chosen to minimize the error in the Coulomb energy. In conjunction with optimized auxiliary basis sets 69, 70 , RI-J speeds up non-hybrid density functional calculations by typically an order of magnitude, while the loss in accuracy is insignificant for most molecular properties, including TDDFT excitation energies 71 and excited state properties 72 .
The derivation of the RI-J approximation to first-order NACMEs is analogous to the deriva- 
where (P |Q) and (pqσ|P ) denote two-and three center Coulomb integrals in Mulliken notation. The expression for the first-order NACMEs is obtained in close analogy to the RI-J expression for the excited state energy gradient 72 by replacing the two-particle density Γ defined in Eq. (40) with
The final RI-J expression for the first-order NACMEs becomes
(The index of auxiliary functions P should not be confused with the elements of the relaxed one-particle density matrix P n µνσ .) Table I 
F. Implementation
Equations (39) and (47) for the first excited state were evaluated simultaneously with the energy gradient of this state for systems with up to 3780 Cartesian basis functions and 147 atoms (see Table II ). Simultaneous evaluation of the coupling vector increases the computing time of the energy gradient calculation by an insignificant 10% on average. As expected, the total computation time is dominated by the calculation of two- 87 . Non-adiabatic couplings were obtained using finite central differences of excited state wavefunctions. The differentiation increment was 0.01 a.u.
IV. RESULTS

A. Hydrogen atom
In hydrogen atom, non-adiabatic effects occur because the nuclear motion is not fully separated from the electron motion in the Born-Oppenheimer approximation 88 . The exact first-order NACME for the 1 2 S to 1 2 P transition of hydrogen atom, 16 √ 2/81 a.u., was used to benchmark our implementation. We used an optimized uncontracted [10s8p] basis set given as supporting information 89 . TDHF and CIS reproduce the exact result for the firstorder NACME to the same accuracy as the excited state energy by construction (see Table   III ). PBE0 deviates from TDHF and CIS due to one-electron self-interaction error.
B. Importance of Pulay terms
To demonstrate the effect of Pulay terms, we compare the basis set convergence of the NACMEs obtained at the PBE0 level with and without the Hellmann-Feynman approximation (HFA) (Figure 1 ). An aug-TZVPP basis is used (i) contracted, (ii) uncontracted, and (iii) fully polarized uncontracted. Figure 1 (a) shows that the analytical results are converged to 10 −2 − 10 −3 a.u. when contracted basis sets are used and do not change upon decontraction of the basis set. On the other hand, the error of the HFA results shrinks by more than an order of magnitude upon decontraction of the basis set.
The convergence of τ
KS HFA 0n
towards the analytical result is assessed by the Euclidean norm of the difference vector τ
− τ KS 0n BSL , where BSL denotes the basis set limit obtained using fully polarized basis sets. Figure 2 shows that the difference between the HFA and the analytical result can be as large as 1 a.u. when contracted basis sets are used and 10 −1 to 10 −2 a.u. when uncontracted basis sets are used. The TDDFT calculations do not reproduce the double minimum of the EF PEC (Fig. 3) .
As discussed by Giesbertz et al. 94 , the lack of double excitations in adiabatic TDDFT 95 leads to an incorrect PEC for bond lengths larger than 2.5 a.u. A similar picture arises for the first-order NACMEs: The agreement between TDDFT and FCI is fair for bond lengths below 2.5 a.u., but there is little resemblance to the FCI reference at larger bond lengths 47 , where the KS reference becomes unstable 96 .
He 2
The ground and the C 1 Σ + g state are the two lowest singlet states of the same symmetry in He 2 . The C 1 Σ + g state is obtained from the ground state by an 1sσ u → 2sσ u excitation and is bound with a barrier to dissociation 97 . These qualitative features are reproduced at the cc-pVTZ FCI and TDDFT level.
The TDDFT and FCI NACMEs between the two states are in good agreement (Fig. 4) .
The characteristic features of the NACMEs are shifted to slightly larger bond lengths at the TDDFT level, somewhat similar to the situation for the PEC. For bond lengths larger than 3.0 a.u., the TDHF and FCI NACMEs are still in agreement and TDHF even reproduces the position of phase change. The PBE and PBE0 do not capture the phase change at all, but show a maximum instead. An avoided crossing with higher lying excited states and the dissociation barrier are found at the same position and at all computational levels. The excitation is still dominated by the 1sσ u to 2sσ u excitation beyond the dissociation barrier, but the contribution of the 1sσ g to 2sσ g excitation increases.
LiH
The ground and first singlet excited state of LiH are of 1 Σ + symmetry. The PECs approach each other at the avoided ionic-covalent curve crossing at 7.0 a.u. 98 At the bond distance around the ground state minimum, the ground state has an ionic Li + H − -character, while the first singlet excited state is covalent.
At lower bond lengths, cc-pVDZ TDDFT reproduces all features of the FCI NACMEs, though they are shifted to slightly larger bond lengths (Fig. 5) . At the TDDFT level, the curve crossing appears at 5.5 a.u. and coincides with a maximum in the NACMEs. The curve crossing and NACME maximum at FCI level appears at higher bond lengths.
The magnitude of the TDDFT NACMEs is approximately three times smaller than the magnitude of the FCI NACMEs at the curve crossing. The reason for this unusually large deviation is not obvious, but the deterioration of results at larger bond lengths is not unexpected considering the increasing charge-transfer character of the excitation. This is consistent with PBE deviating strongly from PBE0 in the region of the avoided crossing.
BH
In BH, the lowest excited state of the same symmetry as the ground state is B 1 Σ + .
The excited state PEC shows two minima. The inner well is located close to the ground state minimum at 2.3 a.u., the outer well at 5.0 a.u. 99 In the inner well, the exited state is dominated by the B(2p) electron being excited into the B(3s) orbital. In the outer well, the excited state has an ionic B + H − character. The PBE0 ground-state wavefunction is spin-contaminated over a large portion of the PEC, which also indicates multi-reference character.
The NACMEs between the ground and the B 1 Σ + state were published by Bak et al. Finally, TDDFT using contemporary GGA and hybrid functionals is capable of reproducing FCI first-order NACMEs with qualitative accuracy if the character of the excited state is correctly described by TDDFT and the KS reference is stable. Further evaluation of TDDFT using accurate calculations and direct comparison to observables is desirable and necessary, and we hope that the present work will stimulate such efforts. − τ KS HFA 0n BSL , where BSL denotes the basis set limit. All results are obtained using the PBE0 functional. For LiH a QZVPP basis set was used, and aug-TZVPP basis sets were used elsewhere. The basis sets were used (i) in contracted (standard) form and (ii) in uncontracted form. In the BSL calculation fully polarized uncontracted basis sets were used. For BH, the coupling is between the ground and third singlet excited state, and between the ground and first singlet excited state elsewhere. || for the coupling between the ground and first singlet excited state of Cinnoline (C 8 H 6 N 2 ) using the PBE functional.
u-aug-TZVPP denotes an uncontracted aug-TZVPP basis set.
